In this paper the problem of redirection of a crack driven by viscous fluid under mixed mode loading is considered.The loading includes the classical Modes I -III and the hydraulically induced tangential traction on the fracture walls. The effect of the plastic deformation of the near tip zone is accounted for. Different criteria to determine the fracture deflection angle are examined and compared.
Introduction
Although the hydraulic fracturing (HF) technique was developed 70 years ago for enhancing the recovery of hydrocarbons from low permeability reservoirs, it became widely known this century as the fracking technology for the exploitation of shale gas and oil resources, with huge success in the United States. Another application of HF, relevant to this study, is in weak and unconsolidated rock formations for combined production stimulation and sand control. This method is known as 'frac-pack' wellbore completion. In all applications, HF involves pumping of a viscous fluid at high rates from a well into the rock formation under high pressure sufficient to fracture the reservoir. The initiated fracture propagates in a complex stress field near the wellbore and re-orients itself to extend further in the direction of the least resistance which is always perpendicular to the minimum in situ compressive stress. During the pumping process, a sand-like material called 'proppant' is mixed with the fracturing fluid. The proppant prevents the fracture from closing after the fluid injection is stopped. Hence, a permeable channel of high conductivity is formed for oil or gas to flow from the reservoir to the well [9] . The 'frac-pack' wellbore completion involves additionally, after fracturing the formation, a screen placement and gravel packing of the annulus between screen and rock face for sand control.
Most of the models used by the petroleum industry to simulate and design hydraulic fracturing assume linear-elastic mechanism of the rock deformation and the classic fracture mechanics.
The near tip processes include viscous flow in the fracture and formation of a dry zone (fluidlag), cohesive zone ahead of the crack tip and the surrounding area that is dominated by shear plastic deformation, labeled here a 'process zone'. In weakly consolidated formations growth of short hydraulic fractures is very much determined by the near-fracture-tip plastic deformation of rock coupled with the interaction between the fracturing fluid and fractured layer. Thus, the required propagation pressure and geometry of created fracture depend critically on the tip screening mechanism caused by the plastic rock deformation. An attempt to increase the reliability of numerical simulations of HF and explain the discrepancies between model predictions and field measurements was made by [12, 13, 7] who investigated numerically with a fully coupled elastoplastic FEM HF models the effect of non-linear rock behaviour on the pressure needed for propagation and on the dimensions of the created fractures. Sarris and Papanastasiou [17, 18] and Wang [21] included the pressure diffusion and porous behavior of the rock in the framework of the cohesive zone model and plastic deformation. All these numerical studies found that plastic yielding provides a shielding mechanism near the tip resulting in an increase of the effective fracture toughness and the resistance to fracturing [14] . Higher pressure is needed to propagate an elastoplastic fracture that appears to be shorter and wider than an elastic fracture. These studies made also clear that the near tip mechanisms are coupled and interact with each other, thus eliminating the relative importance of one mechanism, or may result in an elevated effective fracture toughness at the macroscopic level.
One of the mechanisms that so far has not been studied is the influence of shear stresses that are transferred by the viscous fluid on the crack surfaces near the tip. Wrobel et al. [24, 25] showed that, due to the order of the tip singularity of the hydraulic shear stress in elastic material, this component of the load cannot be omitted when computing the Energy Release Rate (ERR). They introduced a new parameter, called a hydraulic shear stress intensity factor (K f ), and proved that it plays an important role in the HF process. In a recent study Papanastasiou and Durban [15] studied the near tip singular plastic fields in a Drucker-Prager power law material and found that the shear stress does not influence the level of singularity but it changes the shape of the developed plastic zones with the emergence of a boundary layer near the fracture surface. Thus, the shear loading and the emergence of a boundary plastic layer influences the 'roughness' of the fracture surface which is very important for the hydraulic conductivity of the fracture [6] .
In all the studies mentioned above it was assumed that the fracture was initiated and propagated to the preferential direction, perpendicular to the minimum in situ stress. In practice, however, a hydraulic fracture initiates from perforations that are created with shape charges that penetrate the steel casing, cement and near wellbore rock, approximately 30 cm deep. The directions of perforations are not necessarily aligned with the fracture preferential direction as the stress field is unknown and the perforation gun is not usually oriented. Hence the fracture will initiate from perforations and reorient itself gradually as propagating to get aligned far away from the wellbore to the preferential direction.
In this study we will examine the influence of plasticity in the re-orientation of the hydraulic fracture within an analytical solution framework, considering the role of viscous shear stresses. In a recent study [16] the authors considered the effect of the shear stress induced by the fluid on the crack surfaces to determine the direction of the HF crack propagation in elastic rocks and showed that it may play an essential role in the case of the mixed mode when the total contribution of the classical Stress Intensity Factors (SIF) leads to ERR value close to its critical one. They used the two most popular criteria: the maximum circumferential stress (MCS) criterion [8] and the minimum strain energy density (MSED) criterion [19] . It was shown that hydraulic fracture has its own features when the shear traction induced by the fluid on the crack surface originates the local shear stress intensity factor K f and this leads to significant difference in terms of the crack redirection if the propagation regime is close to viscosity dominated one. The analysis was based on the recent paper by Wrobel et al. [24] where the authors introduced a new parameter, K f , called the shear stress intensity factor, which plays an important role in accuracy and efficiency of numerical computations. In particular, it was shown that the tip singularity of hydraulically induced shear traction on the crack surfaces is of order r −1/2 as r → 0 and thus has to be taken into account when ERR is computed.
However, it is well known that inelastic rock deformation near the crack tip may play an important role in hydraulic fracturing [12, 13, 14, 15] . Thus, the analysys of a combined effect of the plastic deformation and the mixed mode loading (including the shear traction induced by the fluid) on the re-orientation of the fracture is important. There are two ways to tackle the problem of plastic deformation in the near-tip zone: a) to solve a complete elastic-plastic problem or b) to implement a simplified analysis that assumes that the plastic region is much smaller than the zone in which the elastic solution with a dominant singular term holds (i.e. the solution can be fully represented by this singular term). In the latter case the external boundary of the plastic zone is determined from a respective yield criterion. The first approach, although naturally much more adequate, is simultaneously extremely difficult to conduct from the technical point of view (see [1] and references therein). In [1] the authors considered a Mode I problem with the Drucker-Prager yield criterion. They mentioned that implementation of similar analysis for the mixed mode loading is rather impossible due to its complexity (to the best of our knowledge, no analytical solution has been delivered so far for the full elastic-plastic problem for a crack under mixed mode loading). Clearly, one can find many numerical research in the area [3, 10] but their application to parametric analysis is questionable.
Thus, following e.g. [20, 26] , we implement the simplified approach assuming that the plastic deformation zone is small enough in the aforementioned sense and it is enough to consider only the 'external' elastic problem, combined with pertinent yield criterion to find the boundary of the plastic zone.
We start from the maximum dilatational strain energy density (MDSED) criterion introduced in [20, 26] to show that, in contrast to the classic fracture mechanics, this criterion in the case of hydraulic fracture does not always allow for predicting the direction of the crack propagation due to the problems with uniqueness and stability of solution. In particular, MDSED criterion fails to produce reasonable results in the proximity of the so-called viscosity dominated regime [16] . To eliminate this drawback, we propose a concept of a modified maximum circumferential stress criterion (MMCS) that accounts for local plastic effects by implementing, similarly to MDSED, the plastic zone described by the respective yield condition (von Mises, Drucker-Prager, Tresca or Mohr-Coulomb). It has been recognized that the applicability of the known criteria is not well justified when accounting for the impact of severe Mode III [11] . Recently, an attempt has been made to tackle such case [4, 5] . Note that the MMCS introduced in this paper, provides meaningful results even for a mixed mode with a severe Mode III component. It is clear that the new criterion should be validated by experiments.
The structure of the paper is as follows. In Section 2 we introduce necessary notations with reference to [16] where all details can be found. In Section 3 we consider the classic MDSED criterion. Then, in Section 4, we introduce a new criterion for the direction of crack propagation: the Modified Maximum Circumferential Stress (MMCS) criterion. Four variants of the criterion are analyzed, each of them utilizing different yield condition). In Subsection 5 all analysed criteria are compared and the impact of the shear stress on the crack propagation direction is discussed. Finally, the conclusions are summed up in Section 6.
Preliminary results
As discussed in [16] , the stresses around the crack tip in elastic region are distributed in the following manner:
where {r, θ, z} is a local polar coordinate system traditionally associated with the crack tip, K I , K II and K III are the classical stress intensity factors (SIFs) and K f is the shear stress intensity factor related to the hydraulic shear traction acting on the crack surfaces. The functions Ψ j (θ) define the polar angle dependence and are given by the formulae:
For the plane strain Ψ zz = ν Ψ rr + Ψ θθ . To define the critical fracture state, we use the Energy Release Rate (ERR) criterion as evaluated in [16] that accounts for the shear traction induced by the fluid on the crack surfaces:
where ν is the Poisson's ratio, E is the Young's modulus, while E C and K IC are the critical values determining ERR and material toughness, respectively, and need to be found experimentally.
To decrease the number of unknown parameters during the parametric study below, the problem is normalised by introducing the following natural scaling:
The fracture criterion (2) then becomes:
Note that in such formulation the value of the material toughness is completely hidden and the large and small toughness regimes cannot be recognised or identified immediately. To make this possible, we introduce a dimensionless parameterp 0 = 2πp 0 (1 − ν 2 )/E, where p 0 is a multiplier of the leading (logarithmic) term in the asymptotic expansion of the fluid pressure near the crack tip (see [24] or [23] ). It can be used to produce the following interrelation betweenK I andK f (compare with equation (71) from [24] ):
The values of the parameterp 0 and the stress intensity factors are not independent. As it was shown in [24] for the Mode I deformation (K II = K III = 0), the value of the parameter p 0 determines the propagation regime (p 0 → 0 corresponds to toughness dominated one whilẽ p 0 → π(1 − ν) determines the viscosity dominated regime).
Following [16] we conclude that:
and
where the normalised effective toughness is defined as follows:
Combining (4) and (5) provides, after rearrangement, a formula forK I whenK II ,K III and p 0 are known:K
After substitution of (5) into (9) and some algebra we obtain a relation forK f :
It can be easily seen that for any fixed values ofK II andK III one has (compare (9) and (10)):
Finally, note that forK III = 0 andp 0 = 0 (classic mixed Mode I and II), both normalised stress intensity factors,K I = 1 −K 2 II andK f = 0, are independent of ν.
Equations (9) and (10) provide a relationship between the normalised symmetric SIFs,K I andK f , and the normalised anti-symmetric SIFs,K II andK III , taking into account also the influence of the hydraulically induced shear stresses through the pressure parameterp 0 . This allows for a parametric study of the fracture propagation angle, where the independent parameters areK II ,K III andp 0 . This analysis is given in the next sections.
Maximum Dilatational Strain Energy Density (MDSED) criterion
Let us begin by analysing the maximum dilatational strain energy density (MDSED) criterion, proposed by Theocaris and Andrianopoulos in [20] . Noting that the total strain energy density, W , can be divided into two components at any given point -the dilatational (volumetric) strain energy density, W v , and the distortional strain energy density, W d -we have that:
for:
where σ zz = ν (σ rr + σ θθ ) for plane strain and K = E/[3(1 − 2ν)] is the volumetric modulus of elasticity (bulk modulus). The criterion assumes that the radius of the elastic-plastic boundary, r b , is determined from the von Mises yield condition to produce a surface of constant distortional strain energy density. Then a maximum of the dilatational strain energy density is searched along this surface. This maximum determines the angle of crack propagation.
According to the von Mises yield condition, the critical value of the distortional strain energy density, W d , obtained for the elastic-plastic boundary, is:
with σ t being the uniaxial yield strength.
The corresponding radius of the plastic deformation zone, r b , was derived as:
where
has a dimension of length [m] and the dimensionless part
describes the shape of the zone and simultaneously affects its size by the values of the parameters (SIFs and the Poison's ratio ν).
Here by c j (θ) we have defined the following dimensionless trigonometrical factors:
The relative sizes and shapes of the plastic zones are depicted in Fig. 1 for three values of K II = {0, 0.5, 0.9} and ν = {0, 0.3, 0.5} by means of a normalized radius:
This additional scaling has been introduced to make the curves that refer to different crack propagation regimes distinguishable in one picture. Indeed, under this scaling, the blue lines reflect the actual values ofr b , the red ones utilize the scaling factor 0.5, while the black curves are multiplied by 0.1.
Clearly, a symmetry of the plastic zone with respect to the plane of crack propagation (horizontal axis) is obtained only for the symmetrical loading (K II = 0). When approaching the viscosity dominated regime the shape of the zone becomes elliptic regardless of the magnitude of K II and a value of the Poisson ratio. Conversely, as moving towards the toughness dominated mode, the plastic zone contour tends to be more irregular, which is especially pronounced for the severe antisymmetric loading (K I K II ). When analyzing the size of plastic yield area we can see two different trends for the limiting regimes. Namely, for the viscosity dominated mode the plastic zone shrinks with growingK II , while for the toughness dominated regime a reverse mechanism is observed. Obviously, the character of the zone evolution in the interim is governed by those two counteracting tendencies. It is always the viscosity dominated regime which provides the greatest size of the plastic area, and the toughness dominated mode which results in the smallest extent of it. For all considered cases an increase of ν reduces the area of plastic zone.
The criterion described in [20] states that the maximum value of the dilatational strain energy density, W v (r, θ), has to be found along the elastic-plastic boundary. In other words, one needs to analyse an auxiliary function:
where the crack propagation direction, θ f , is found from the condition: 20) for various values ofp 0 and fixedK II and ν. The blue lines reflect the actual sizes of the plastic zones, the red ones utilize the scaling factor 0.5, while the black curves are multiplied by 0.1.
As it was in the case of the Minimum Strain Energy Density criterion (see [16] ), to preserve the physical sense of solution, the maximum should be sought for under additional condition that the circumferential stress is positive. According to [16] the expression for σ θθ has the following form:
In Fig. 2 values of the function F 1 (θ) normalised by its maximum are given forp 0 = 0, p 0 = 0.5π(1 − ν) andp 0 = 0.9π(1 − ν). We do not show the results for the viscosity dominated regime, because when approachingp 0 = π(1−ν) there is either no local maximum for θ < 0 that would provide continuity of the solution, or there is no value of θ f that satisfies the condition of positive circumferential stress. Even for the analyzed liming casep 0 = 0.9π(1 − ν) one can observe that, depending on the values ofK II and ν, there may not exist a local maximum of F 1 inside the interval of θ that corresponds to σ θθ (r, θ) > 0. For this reason we will consider in the following two variants of the criterion for the case when the condition of local maximum of F 1 is not satisfied:
• variant I -we assume that there is locally no solution to the problem (or in other words, the criterion does not predict the propagation angle over certain range of the loading parameters);
• variant II -we take the value of θ which corresponds to the global maximum of F 1 in the domain σ θθ ≥ 0; Respective results for ν = 0.3 and all admissible values ofK II ∈ [0, 1] andp 0 ∈ [0, π(1 − ν)] are presented in Fig.3 (variant I) and Fig.4 (variant II). In Fig.3 (variant I) one can clearly see the region in the vicinity of the viscosity dominated regime (edge BC), over which the solution for θ f does not exist. Even if this drawback is eliminated in the variant II ( Fig.4) , the solution in this area behaves in a rather peculiar way. Pertinent trends can be easily identified in Fig.5c ). It shows that when employing variant II, the angle of crack propagation is only a continuous (but locally not smooth) function ofK II and any small perturbation to the value of K II around the locations of θ f discontinuities in the considered parametric space can result in a serious change of θ f . These facts cast doubts on the applicability of the MDSED criterion in the case when hydraulically induced tangential tractions are accounted for. Note that outside the discussed area both considered variants yield the same results. Clearly, forK II = 0 (edge AB) one has θ f = 0. Moreover, forK II = 1 (edge CD) the solution can be found analytically:
Notably, in the corners B and C (K II = 0 andK II = 1 for the viscosity dominated mode) θ f has no limit, which effectively means that the angle of crack propagation depends here crucially on the load history. To complement the analysis of the MDSED criterion we show in Fig.5 the sensitivity of the crack propagation angle to the value of the Poisson's ratio. It turns out that for the toughness dominated regime one obtains the same results regardless of the value of ν (the same trend was reported in [16] for the Minimum Strain Energy Density Criterion). Some differences between the results for various ν can be observed when moving towards the viscosity dominated mode, however the influence of the Poisson's ratio on θ f is rather limited. The maximal disparities between the crack propagation angles for set value of K II amount to 10 • (that is around 20 % of the absolute value of θ f ). 
Modified Maximum Circumferential Stress (MMCS) criterion
In order to avoid the mentioned above drawbacks of MDSED criterion we propose here a new one. It is based on the assumption that the direction of fracture propagation is defined by the maximal value of the circumferential stress (compare [16] ) obtained along the elastic-plastic boundary in the elastic domain. In this way the new approach incorporates the plastic yield stress criterion, depends on the Mode III component and preserves all the advantages of the MCS criterion [16] . From now on it will be referred to as the Modified Maximum Circumferential Stress (MMCS) criterion.
Below, we analyze four variants of the criterion, each of them based on a different yield condition i.e.: the von Mises condition, the Drucker-Prager condition, the Tresca condition or the Mohr-Coulomb condition.
MMCS criterion: von Mises yield criterion (MMCS-vM)
Let us first analyse the MMCS under von Mises yield criterion. As it was in the case of the MDSED approach, the elastic-plastic boundary, r b , is found from (30).The shapes and sizes of plastic zones are shown in Fig. 1 with the respective comments included in Subsection 3.
In order to determine the angle of fracture deflection one needs to find the maximum of the following function:
and hence:
where the circumferential stress, σ θθ is computed according to (23) . The graphs of function F 2 (θ) normalised by its maximum value, F max 2 , are presented in Fig.  6 for three values ofK II = {0.1, 0.5, 0.9} andp 0 /(π(1 − ν)) = {0, 0.5, 0.9}. One can clearly see that this time, unlike the MDSED criterion, there is no problem with existence or uniqueness of the solution. There is only one maximum of F 2 in the interval [−π, π]. Moreover, this maximum corresponds by nature to a positive value of the circumferential stress, σ θθ . Relatively small influence of the Poisson's ratio on the crack propagation angle can be seen in the analyzed examples, however this issue will be discussed in more detail later on.
In Fig. 7 the solution, θ f , is presented for all admissible values ofK II andp 0 for a fixed Poisson's ratio, ν = 0.3. As can be seen, a continuous solution is obtained in almost the entire range of considered parameters (except for the point C). Naturally, forK II = 0 one has θ f = 0, however this time no fracture deflection is observed over the whole span of the viscosity dominated regime (edge BC). ForK II = 1 one has an invariable value of the crack propagation angle which amounts to -82.3 • . A peculiar behaviour of θ f manifests in the corner C (viscosity dominated regime under severe antisymmetric load) where the solution has no limit. Likewise in the MDSED criterion, the actual angle of crack propagation depends here on the history of loading. As compared to the MDSED case, the MMCS-vM criterion provides lower values of θ f .
Lastly, an impact of the Poisson's ratio on the propagation angle is given in Fig. 8 . The discrepancies between results obtained for three analysed values of ν are comparable to the ones for the MCS criterion forp 0 > 0 (compare with Fig. 4b and Fig. 4c in [16] ) and can reach over 6 • . However, in the toughness dominated regime (p 0 = 0,K f = 0, Fig. 8a ) a dependence of the solution on the Poisson's ratio can be noticed, which was not the case for the MCS approach ( Fig. 4a in [16] ). ForK II = 0 andK II = 1 the solution does not depend on the Poisson's ratio. 
MMCS criterion: Drucker-Prager yield criterion (MMCS-DP)
The second variant of the MMCS criterion utilizes the the Drucker-Prager yield theory in which the following relation holds:
where I 1 = tr σ, J 2 = 1/2 dev σ · dev σ, and α > 0 is a material parameter called pressuresensitivity index and assumed to be a constant. It can be computed from experimental data by the following formula:
where σ t and σ c are the yield stresses in uniaxial tension and compression, respectively. Relation (28) can be easily obtained by evaluating the yield function (27) for a uniaxial compression state,
and then solving for α. 
has a dimension of length [m] and the dimensionless part is
where the functions c j (θ) are defined in (19) . Note in the case of α = 0 the Drucker-Prager yield condition (27) coincides with the von Mises condition (15) . As for many geomaterials the tensile strength is 8-10 times smaller than their compressive strength [22] , we assume that ξ = 10 which yields α = 0.4724. To compute the angle of crack propagation, one needs to find the maximum of an auxiliary function F 2 defined in (25) (where r b is calculated from (32)) and apply condition (26) . The graphs illustrating r b (θ) computed according to equation (32) are presented in Fig.  9 (note that the scaling (20) is used in the figure). This time we see that, contrary to the previous criteria based on the von Mises theory, the regular elliptic shape of the plastic zone when approaching the viscosity dominated regime is retained only for the symmetric loading. Indeed, it is the only case when any symmetry of the yield area (here with respect to the plane of crack propagation) is observed. When increasing the value ofK II the plastic zone shape becomes increasingly more irregular with a characteristic cut-off along the negative part of the horizontal axis. As for the size of the yield area, it is always the greatest for the viscosity dominated regime and the smallest for the toughness dominated mode. Just as it was in the case of von Mises criterion, two different trends can be observed for the limiting regimes. In the viscosity dominated one the size of the plastic zone decreases with growingK II , while for the toughness dominated mode an inverse tendency holds. In the figure we can also see that for constantK II an increase inp 0 reduces the angle of crack propagation.
In Fig. 10 the values F 2 (θ)/ max(F 2 ) over the interval θ ∈ [−π, π] are plotted. As before for the MMCS-VM criterion, no problems with existence or uniqueness of solution are reported. There always exists a single value of θ f for which the maximum of F 2 (that corresponds to positive circumferential stress) is obtained. Again, one can observe a relatively low sensitivity of θ f to the Poisson's ratio.
In Fig. 11 the solution, θ f , for all admissible values ofK II ∈ [0, 1] andp 0 ∈ [0, π(1 − ν)] is presented for ν = 0.3. Similarly at it was in the MMCS variant utilizing von Mises yield criterion, a smooth solution exists over the whole range of the analyzed parameters. It is again only the point C (p 0 = π(1 − ν),K II = 1) where θ f has no limit and its actual value depends on the loading history. Conventionally θ f = 0 forK II = 0. Moreover, no crack reorientation is observed in the viscosity dominated regime (p 0 = π(1 − ν)). For a severe antisymmetric load (K II = 1) the angle of crack propagation remains constant θ f = −67.63 • . In general, when using MMCS-DP criterion one obtains smaller values of θ f than those from MMCS-vM.
Finally, to analyse how the value of Poisson's ratio affects the solution, graphs for three values of ν are plotted in Fig. 12 . The solution forp 0 = 0 andp 0 = 0.9π(1 − ν) depends on the value of ν to a very little extent. An impact of the Poisson's ratio was more noticeable for the 
MMCS criterion: Tresca yield criterion (MMCS-TR)
Let us analyze now the problem of fracture deflection on the assumption that the Tresca criterion is used to define the yield stress. The criterion itself reads [2]:
where J 3 = 1/3 tr(dev σ) 3 and σ t is the uniaxial yield stress. Conventionally, the angle of crack propagation is found by maximizing the function F 2 (25) along the elastic-plastic boundary. This time we do not write an expression for r b as it is to complex. The resulting areas of the plastic yield are depicted in Fig. 13 . As can be seen, the obtained shapes are very similar to those for the MDSED criterion (compare Fig. 1 ). The general trends remain the same as in the recalled case, however the zones of plastic yield are larger now (which is quite obvious if one notes that the von Mises yield stress is always greater or equal to the Tresca yield stress). Some irregularities of the boundary are observed in the viscosity dominated regime forK II = 0.5 andK II = 0.9, which shall be explained later on.
In Fig. 14 existence or uniqueness of solution appears. Fig. 15 presents a distribution of θ f over the permissible range ofp 0 andK II for ν = 0.3. The general behaviour and values of solution are very similar to those reported for the MMCS-vM criterion (compare Fig. 7) . Again no limit of θ f is observed forp 0 → π(1 − ν) andK II = 1 (corner C). For the extreme antisymmetric load (K II = 1) θ f = −83.4 • was obtained. This time however we see some pecularity of the crack propagation angle. Namely there exists a line in the analyzed parametric space along which the solution smoothness is broken (it can be easily identified in the Fig. 15b) ). After a careful analysis it turned out that this line Figure 13 : MMCS-TR: The shapes of of the plastic zones described by the normalized radiusr b (20) for various values ofp 0 and fixedK II and ν. The blue lines reflect the actual sizes of the plastic zones, the red ones utilize the scaling factor 0.5, while the black curves are multiplied by 0.1. The angle of crack propagation, θ f , is marked by a circle.
corresponds to a situation when for the predefined mixed mode loading the edge of the Tresca yield surface is reached. Respective transition points can be also identified in Fig. 16a ) and Fig. 16b ). Moreover, the aforementioned mechanism manifests itself in the irregularities of the plastic zone shapes that were noted when discussing Fig. 13 . Finally, in Fig. 16 the influence of the Poisson's ratio on the crack propagation angle is presented. It shows that the level of deviations between the results for the neighbouring values of ν is similar to that in the previous criteria. However, unlike the previous cases, one obtains coincidence of the respective results forK II = 1 only when approaching the viscosity dominated 
MMCS criterion: Mohr-Coulomb yield criterion (MMCS-MC)
The last analyzed case assumes that the yield stress follows from the Mohr-Coulomb criterion [2] :
where σ t and σ c are the yield stresses in uniaxial tension and compression, respectively, and ξ = σ c /σ t . Throughout this subsection we use ξ = 10, which is consistent with the value α = 0.4724 in the Drucker-Prager criterion in Sec. 4.2. The angle of crack propagation is found as previously by maximizing the function F 2 (25) . Again, as respective expression for the radius of the plastic zone is very complex, we do no present it here. In Fig. 17 the shapes of the plastic zones for different values of the analyzed parameters are shown. One can see a resemblance of the contours of the zones to those obtained for the MMCS-DP criterion (compare Fig. 9 ). Their sizes are always greater for the Drucker-Prager criterion, which is especially pronounced in the toughness dominated regime (p 0 = 0). The general trends remain the same as in the MMCS-DP variant. Fig. 18 shows the qualitative distribution of the F 2 function. We can see that the results are hardly distinguishable from those obtained for the MMCS-DP. For every analyzed combination of parameters there exists a unique solution to the problem.
A distribution of the crack propagation angle, θ f , overK II ∈ [0, 1] andp 0 ∈ [0, π(1 − ν)] for ν = 0.3 is shown in Fig. 19 . The values of θ f are close to those computed for the MMCS-DP criterion. The general tendencies are also very similar. For K II = 1 θ f = −72.45 • is obtained. Again there is a line in the analyzed parametric space (Fig. 19a) ) along which the smoothness of fracture deflection angle is broken. It is due to the edge of the Mohr-Coulomb yield surface, however the trend itself is much less pronounced than it was in the MMCS-DP. Finally, in Fig. 20 the impact of the Poisson's ratio on θ f is analyzed. Respective trends remain the same as in the MMCS-DP criterion. In the toughness dominated regime (p 0 = 0) the influence of ν is infinitesimal, respective curves are hardly distinguishable. 
Comparison between criteria
In this section we shall provide a brief comparison of the results obtained for respective criteria. We decided to omit the MDSED criterion. This is because it either provides no solution in a relatively wide area near the viscosity dominated regime (MDSED -variant I) or the solution in this region exhibits some instability (MDSED -variant II). For this reason we deem the MDSED criterion questionable, at least in the recalled zone.
As for the remaining criteria we notice very strong similarities between the angles of crack propagation computed for the following pairs: i) MMCS-vM and MMCS-TR, ii) MMCS-DP and MMCS-MC. Its is not a surprise if one recalls that the von Mises yield surface can be considered a smooth approximation of the one for the Tresca criterion. Similarly, the Drucker-Prager yield surface is a smooth extension of that defined by the Mohr-Coulomb theory. Clearly, in those cases when the yield surface is represented by the quadratic in the space of principal stresses (MMCS-vM and MMCS-DP) the solution (θ f ) is always a smooth function. Otherwise (MMCS-TR and MMCS-MC), if for a certain configuration of the loading the edge of the yield surface is transgressed, the angle of crack propagation is no longer smooth. This constitutes an evident drawback of the latter criteria.
In Fig. 21 -Fig. 22 we have collated the results (the angles of crack propagation) obtained for the discussed criteria under different values ofK II ,p o and ν. It shows that there is a good convergence between the respective curves representing θ f for two groups of criteria: i) MMCS-vM and MMCS-TR, ii) MMCS-DP and MMCS-MC (pressure sensitive materials), which was explained above. Indeed, in the cases when the edge of the yield surface is not reached, the MMCS-TR criterion mimics almost identically that of MMCS-vM (corresponding plots are hardly distinguishable from each other). For the pair: MMCS-DP and MMCS-MC, a worse resemblance is observed. Surprisingly, when the aforementioned condition is not met (the transition through the edge of yield surface occurs), the data for MMCS-TR and MMCS-MC match almost perfectly starting from the viscosity dominated regime (p 0 = 0) up to the moment when the solution kink takes place (see Fig. 22 ). Clearly, when approaching the viscosity dominated regime (p 0 → π(1 − ν)) all the results become identical. Moreover, from Fig. 21 and Fig. 22 it can be seen that although the Poisson's ratio does affect the solution, generally in most cases the behaviour of θ f and discrepancies between analysed criteria are very similar for each value of ν.
Finally, we recall the results from [16] obtained for the Maximum Circumferential Stress (MCS) criterion which does not account for the plastic deformation effect. By comparing the graphs given in the cited paper with those presented here we conclude that the MCS criterion produces the angles of crack propagation very similar to those given by MMCS-DP and MMCS-MC over the entire range of analyzed loadings and parameters. 
Conclusions
In the paper a problem of redirection of a fluid driven crack was considered for a mixed mode loading that includes the classical Modes I-III and hydraulically induced tangential tractions on the fracture walls. The effect of plastic deformation in the near-tip zone was taken into account. Different criteria based on various yield conditions were employed to define the angle of fracture deflection.
The following conclusions can be drawn from the conducted analysis:
• The component of loading related to the hydraulically induced shear stress has a substantial influence on the crack orientation. Its magnification under a fixed Mode II loading reduces the angle of fracture deflection. High sensitivity of the angle to the magnitude of loading is observed for a combination of severe antisymmetric shear (Mode II) and the so called viscosity dominated regime of fracture propagation. In such a case the actual angle of fracture deflection depends on the loading history.
• Among the analyzed criteria it is the one based on the Maximum Dilatational Strain Energy Density (MDSED) that seems to be the least credible. It stems from the fact that in a certain range of loading parameters near the viscosity dominated regime it either produces no solution or yields unstable results.
• Strong similarities between the results are observed for those criteria that use related yield conditions, i. e. for the pairs: i) MMCS-vM and MMCS-TR, ii) MMCS-DP and MMCS-MC (pressure sensitive materials).
• The angle of crack propagation is always a smooth function of the loading components (p 0 andK II ) only for those criteria which employ yield surfaces that are quadratics in the principal stresses space (MMCS-VM and MMCS-DP). For MMCS-TR and MMCS-MC, depending on the configuration of loading, the angle of fracture deflection can be only a continuous function (locally not smooth).
• The Maximum Circumferential Stress (MCS) criterion presented in [16] (which does not account for the plastic deformation effect) produces similar results to those obtained for MMCS-DP ans MMCS-MC over the entire range of analyzed parameters. This suggests that, at least in some cases, it may be sufficient to base the analysis on the Linear Elastic Fracture Mechanics without a need to account for the plastic deformation.
• Even though the investigated criteria produce very similar results it needs experimental verification to decide which one is the most credible for a predefined type of fractured material and loading components. Special attention should be devoted here to establish whether the applied solid material model has to be pressure sensitive or not.
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